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For each observation yi, its LOO-PIT value, piti is defined in Gelman et al., 2013 as:

piti = Pr(ŷi ≤ yi|y−i) (1)

where ŷi is the posterior predictive of observation i, yi is the observation i and y−i contains all other
data except yi. These PIT values are calculated in rstantools using as inputs the observed data y, its posterior
predictive yhat and the PSIS log weights lw. Thus, for every observation i, the following algorithm is applied
(here in pseudo-code):

s e l = y h a t [ , i ] <= y [ i ]
p i t [ i ] = e x p l o g s u m e x p ( lw [ s e l , i ] )

where y[i] is a float and yhat[, i] and lw[, i] are vectors of length S = nchains × ndraws.
However, I have not been able to find any demonstration nor explanation of this formula, so I will try to at least
draft a demonstration.

Following with the initial notation, this means that Equation 1 becomes:

piti = Pr(ŷi ≤ yi|y−i) ≈
∑
s

ŷsi≤yi

ws
i (2)

where ws
i is the PSIS weight for observation i and sample s. The weights ws

i come from the following
importance ratios (Vehtari et al., 2017):

rsi =
1

p(yi|θs)
∝ p(θs|y−i)

p(θs|y)
(3)

They are not exactly these raw importance ratios (Vehtari et al., 2015, 2017), but I took the liberty of
approximating them as such to have an interpretation for them. Then:

piti = Pr(ŷi ≤ yi|y−i) ≈
∑
s

ŷsi≤yi

ws
i ≈

∑
s

ŷsi≤yi

p(θs|y−i)
p(θs|y)

(4)

I did some experiments on ArviZ example datasets, and in the case of radon, only 4% of ws
i are modified

with respect to the normalized rsi whereas in the case of the non centered schools model, 87% are modified). I
am not really sure about the applicability of ws

i ≈ rsi but it looks like at least in some cases it should hold.
On the other side, we have that:

Pr(ŷi ≤ yi|y−i) =
∫ yi

−∞
dŷip(ŷi|y−i) =

=

∫ yi

−∞
dŷi

∫
dθp(ŷi|θ)p(θ|y−i) =

=

∫ yi

−∞
dŷi

∫
dθ
p(θ|y−i)
p(θ|y)

p(ŷi|θ)p(θ|y)

https://github.com/stan-dev/rstantools/blob/master/R/loo-functions.R#L61
https://arviz-devs.github.io/arviz/index.html


Therefore, it kind of makes sense, but I am not completely sure about the following:∫ yi

−∞
dŷi

∫
dθ
p(θ|y−i)
p(θ|y)

p(ŷi|θ)p(θ|y)
?
≈

∑
s

ŷsi≤yi

p(θs|y−i)
p(θs|y)

(5)

The p(θ|y)dθ terms are needed in order to approximate the integral as sum over MCMC samples (Vehtari
et al., 2015). The p(θ|y−i)/p(θ|y) term is in both sides too. And here come the problems,

∫ yi
−∞ dŷi would

become the condition on the summation? And/but the p(ŷi|θ) too? If feels weird to get only one sum from two
integrals.

This question about the LOO-PIT algorithm is motivated by pure curiosity and because depending on the
algorithm and its demonstration, it may make sense to use Bayesian test quantities too with LOO-PIT.

From what I understand from pages 152-153 in Gelman et al., 2013 and Gelman, 2003, Equation 1 comes
from the Bayesian p-value (Equation 6) in the case of T (y, θ) = y and using LOO-CV for the marginal values
over each observation:

p-value = pB = Pr(T (yrep, θ) ≥ T (y, θ)|y) (6)

To sum up, if Equation 5 is actually the explanation of the algorithm in rstantools’ LOO-PIT, the equation
can be modified (changing ŷi by T (ŷi, θ), dŷi by dT (ŷi, θ) and yi by T (yi, θ)) without affecting the ”demon-
stration”. Thus, LOO-PIT checks could be calculated not only for T (y, θ) = y but for any test quantity, which
for example, would allow to use LOO-PIT in multivariate normal variables, where ŷ has one extra dimension
with respect to the log likelihood by definition.
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