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It is shown empirically that likelihood function of the GARCH is multi-modal.
Hence, the maximum likelihood estimates at local and global maxima will be
quantitatively different. Therefore, it is important to start an estimation method
with consistent starting value that converge to global maxima. This study compares
two estimation methods, BFGS and DE, on the basis of simulation and surface
constructed by changing the value of GARCH ð1; 1Þ model. DE is superior and
consistent throughout the surface, and across distributions. PSX is used as real-
world application and it has been found that the estimates obtained from DE are
best and unbiased.
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1. Introduction

Volatility plays a crucial role in empirical finance and financial risk man-

agement and is the basis of any model for pricing derivative securities,1

exchange rates, interest rates, etc. Extensive research on changing volatility

*Corresponding author.
1\A derivative is a security with a price that is dependent upon or derived from one or more
underlying assets. The derivative itself is a contract between two or more parties based upon
the asset or assets. Its value is determined by fluctuations in the underlying asset."
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(i.e., conditional variance) using time series models has been conducted since

the seminal work of Engle (1982) on ARCH (Auto-Regressive Conditional

Heteroscedasticity) model. Since 1982, ARCH-type models grew rapidly into

a rich family of empirical financial models for forecasting volatility. The

main purpose of ARCH-type modeling is to enable us to understand sys-

tematic changes in the volatility of stock market portfolios or minimize the

risk in the future. Bollerslev (1986) proposed a Generalized ARCH (G-

ARCH) model, which extended the specification of the conditional variance.

These GARCH-type models are now general and vital tools in financial

econometrics.

Maximum Likelihood (hereafter ML) estimation method is usually used

to estimate the GARCH-type models. Standard theory showed that these

estimates follow ideal asymptotic properties (Bollerslev et al., 1994). How-

ever, these asymptotic properties are rather different when there are

boundary constraints on the parameters, as occurring in ARCH/GARCH

models (Zaman, 2002). Moreover, the ML estimate is, by definition, the

global maximum of the likelihood function. However, it has been shown

theoretically by Zaman, and we also confirm empirically that the likelihood

function may fail to have a global maximum; there are singularities at which

the likelihood peaks to an infinite value. In addition, we find a multiplicity of

local maxima, as shown in Fig. 1. After excluding neighborhoods of singu-

larities, the highest local maximum has the optimality properties of the ML,

but numerical estimation methods may fail to find this and instead converge

to some lesser local maximum.

ML estimation method is easy to understand and implement and is easily

available in the econometric or statistical software. The most commonly

used estimation method is Broyden–Fletcher–Goldfarb–Shanno (hereafter

BFGS),2 which maximizes the value of likelihood function. BFGS is based on

a \hill-climbing" strategy, i.e., it starts from an initial value and searches for

the maxima in the likelihood function. This search for maxima is done in a

specific way (one-dimensional) therefore, it is also known as a line search

method. Furthermore, Stron and Price (1997) developed a Differential

Evolution (hereafter DE) estimation method, which was implemented by

Ardia et al. (2016). It uses multiple chains to search for global maxima with

multiple starting values that avoid local maxima automatically (see Sec. 3).

Moreover, the estimation of GARCH-type models is achieved after im-

posing two types of constraints, i.e., positive conditional variance and

2See Sec. 3.2.1 for details.
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covariance stationary condition. The procedure of optimization can be

cumbersome in the presence of inequality constraints. Furthermore, the

numerical method may fail to converge if the value of the true parameter is

close to boundary space (for details, see Ardia, 2008). These are theoretical

problems because the asymptotic theory for constrained parameters is dif-

ferent from the standard ML asymptotic theory (Zaman, 2002). Apparently,

two modes (local maxima) in Figs. 1–3 are violating the assumption of co-

variance stationarity, while three modes are in the range of covariance

stationarity. Depending on which of the two modes we choose as our ML

estimate, the estimated GARCH model can have radically different prop-

erties: in this particular case, standard GARCH with ðalpha þ beta < 1Þ or
Integrated GARCH with ðalpha þ beta > 1Þ.

Scarce literature is available on the topic of multi-modality in the likeli-

hood function of GARCH-type models. To the best of our knowledge, the

first time in literature, it is identified by Doornik and Ooms (2000, 2008).

However, according to them, multi-modality arises when the dummy is

added in the mean equation to correct the effect of an additive outlier. On

the other hand, Jerrell and Campione (2001) applied two different algo-

rithms to estimate the GARCH-type model and found different estimated

results, which implies multiple maxima in the likelihood function. Never-

theless, the authors did not raise any question about it.

The main objective of the study is to choose an algorithm, which max-

imizes the value of the likelihood function even in the presence of multi-

modality. To achieve this objective, this study compares the estimation

power of BFGS and DE around the true parameter. The comparison will be

made on the overall surface, after making small changes in the value of the

true parameter in the model. Either of these methods that accurately esti-

mates the GARCH model will be selected as best for estimation.

Most of the applications of GARCH-type models are found in financial

economics, where researchers are mainly focusing on two issues, i.e., the best

specification of error and the choice of most efficient approach for inference

(Virbickaite et al., 2015). This study attempts to incorporate both of them.

First, by assuming two different distributions for the true data generating

process of the GARCH (1, 1) model, i.e., normal and student t-distribution.

Second, the estimation of these simulated samples through GARCH (1, 1)

model, by using the BFGS and DE estimation method. This way of com-

parison will be more reliable and concrete about the choice of the estimation

method. It will give a clue about the choice of estimation method for

GARCH-type models.
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This study is divided into the following sections: Section 2 presents three

illustrations of multi-modality, two of them taken from the literature and

one is applied from the Pakistan Stock Exchange. Section 3 explains the

basic GARCH (1, 1) model. Furthermore, this section also discusses and

compares the procedure of BFGS with DE. Section 4 presents the empirical

results based on simulated data. Finally, Sec. 5 concludes the study.

2. Illustration of Multi-Modality

Two illustrative examples of multi-modality in the likelihood function are

taken from the literature. The choice of these examples is made on the bases

of the empirical studies of GARCH ð1; 1Þ model. The first example is based

on the exchange rate, which is taken from the seminal paper of Bollerslev

(1987). The second example is also based on the exchange rate and is taken

from Ardia (2008). While the third illustration is taken from the daily

Pakistan Stock Exchange (PSX).

2.1. Illustration from Bollerslev (1987)

The US dollar versus the British pound exchange rate is taken for the first

illustration. The frequency of the exchange rate is daily, fromMarch 1, 1980,

to January 28, 1985. The multi-modality in the likelihood function for this

dataset is presented in the upper plot of Fig. 1. Contour plots are used to

analyze this issue, and it represents in different circles. These circles are

centered in different centers, and each of these centers represented unique

modality. For example, the value of ML 11640 represents three different

circles, implying that there are three peaks in ML function with this value.

Moreover, 11460 and 11400 are other peaks in the same ML function. Hence,

there is multi-modality in the ML function of exchange rate US dollar versus

British pound.

2.2. Illustration from Ardia (2008)

The daily data of Deutschmark versus British Pound exchange rate is taken

from Ardia (2008). Lower plot of Fig. 1 represents multi-modality for this

dataset. It is observed that at the maximum peak with the value of 210, with

this same value, there are apparently four peaks. On the other hand, there

are also other local peaks with values of 200, 180, and 190. Hence, similar to

the previous example, this series also highlighted multi-modality in the ML

function of GARCH (1, 1) model.
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2.3. Illustration of Pakistan stock exchange

The daily data of Pakistan Stock Exchange index log-returns are taken for

the third illustration. The sample period is from March 20, 2002, to January

11, 2005, with 696 numbers of observations, excluding weekdays and

Fig. 1. ML function for the exchange rate of the US Dollar versus British Pound (upper
graph), and Deutschmark versus British Pound (lower graph). The x-axis represents different
values for beta 1 and y-axis represents different values for alpha 1. Layer in graphs represents
the level of MLE, and different circles represent peaks in MLE, implies multi-modality.
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holidays. The data span covers about three financial years and is long enough

to apply ML Estimation Method (Arida, 2008). In addition, this sample

period also satisfies the condition of asymptotic normality condition. Hence,

the data are large enough to represent the ML function. The nominal returns

are expressed in percentages as in Bollerslev and Ghysels (1996). The dataset

is easily available on the open source of yahoo finance. Figure 2 represents

the ML function of PSX. Similar to the previous example, this graph also

represents multi-modality in the ML function of GARCH (1, 1).

3. The Model and Estimation Approaches

Volatility is a statistical measure of dispersion from the mean. It can be

measured by using variance (or standard deviation); the higher value of

variance means more uncertainty about the next event and vice versa. The

conventional time series econometrics assumes that the variance of the

disturbance term is constant. However, time series data exhibit unusually

large volatility followed by periods of relative tranquility. It is one of the

stylized properties.3 In such circumstances, the assumption of constant

Fig. 2. ML function of PSX. The x-axis represents different values for beta 1 and y-axis
represents different values for alpha 1. Layer in graphs represent the level of MLE, and
different circles represent peaks in MLE, implies multi-modality.

3Others include nonstationarity of the price series, absence of autocorrelation for the prices
variations, autocorrelation of the squared prices returns, fat-tail distribution, leverage effect
and seasonality, for details, see, Francq and Zakoian (2010, pp. 7–10).

Farrukh Mahmood & Saud Ahmed Khan

2050018-6



variance is violated. Therefore, it is needed to specify this nonconstant

variance (conditional) along with the mean (conditional) equation. These

types of models are also called volatility models and are extensively studied

in financial econometrics. The most well-known volatility models are the

GARCH-type models. The purpose of these models is to analyze the his-

torical pattern of volatility and predict future volatility by incorporating

stylized properties.

Extensive literature is available on the GARCH-type models, which ei-

ther discuss the different extensions of the GARCH models or focus on the

specification of the error distribution (Virbickaite, et al., 2015). There is no

previous study which gives attention to multi-modality in the likelihood

function of the GARCH-type models. However, theoretically, it is discussed

by Zaman (2002) in the context of random coefficient models. In this re-

search, we show empirically that the likelihood function of the GARCH

model is multi-modal. When the likelihood function is multi-modal, then the

starting value should be taken with much consideration. Otherwise, incon-

sistent starting value converges to local maxima, and hence the estimated

parameter will not maximize the value of the likelihood function. In previ-

ously available literature, different algorithms have been used to estimate

the likelihood function of the GARCH-type models. The most well-known

and commonly used algorithm is BFGS that is a numerical method and the

most recent algorithm used is Differential Evolution. These algorithms are

discussed in detail in the following sections. In this study, we compared the

performance of these algorithms for the estimation of the GARCH-type

models, while keeping in mind the concept of multi-modality in the likeli-

hood function.

The Maximum Likelihood estimation method is generally preferred to

estimate the GARCH-type models. It is simple to understand and imple-

ment. However, there are some practical difficulties. First, the estimation of

the GARCH-type models requires some constraints on parameters i.e.,

positive conditional variance, and covariance stationary condition. These

constraints are of inequality which makes optimization difficult. In addition,

the optimization procedure might not converge if the value of the true pa-

rameter is close to the boundary of parameter space or if the process is a

nonstationary process. Second, numerical algorithms are used to estimate

the likelihood function of the GARCH-type models. These algorithms are

acceptable if the likelihood function of the GARCH-type model is unimodal.

However, empirically, it has been shown that the likelihood function of the

Multi-modality in the Likelihood Function of GARCH Model
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GARCH-type model is multi-modal (see Sec. 1). In this case, the estimates of

the Maximum Likelihood method are sensitive to the starting values.4

3.1. The model

The standard approach of modeling volatility is to introduce an exogenous

variable xt, which helps to predict the variance of yt which is the dependent

variable. The expected mean of xt is zero, and the model can be written as

yt¼ "txt�1;

where yt is a variable of interest, "t is the white noise disturbance term with

constant variance �2, xt�1 is exogenous variable, t ¼ 1; 2; 3 . . . ;T . The var-

iance of yt is simply �2x 2
t�1, i.e., the variance of yt depends upon the variance

of xt . This specification does not seem convincing because this model assumes

a specific cause, i.e., xt, for changing variance in yt . In addition, often the

choice of xt is theoretical, i.e., it could be oil price shock, monetary policy

shock or any other factor. Granger and Andersen (1978) modified it by

replacing the exogenous variable with the past realized values of yt . A simple

case is

yt ¼ "tyt�1:

Now, the variance (conditional) of yt is �2y 2
t�1, while the unconditional

variance is either zero or undefined (for details, see Engle, 1982) which

makes this type of modeling odd for practical use. Engle (1982) introduced

conditional variance ht at time t and postulated as a linear function of the

square of past observations

yt ¼ "th
1=2
t ;

ht ¼ �0 þ �1y
2
t�1;

where �0 > 0 and �1 � 0 in order to ensure that the conditional variance is

positive. Variance of "t is equal to 1. This model is known as the ARCH (1)

model. The general form of variance function can be expressed as

ht ¼ �0 þ
Xq
1

�iy
2
t�i; ð1Þ

where q is the order of the ARCH process and � is a vector of unknown

parameters. Creating good fits to data would often require large numbers of

4For other issues with ML methods, see Ardia (2008, pp. 2–4).
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lags and hence ARCH model with a large number of parameters; this creates

difficulties in finding good estimates, especially with smaller samples. To

circumvent this problem, Bollerslev (1986) proposed the Generalized ARCH

or GARCH (p; qÞ model, which can be written as follows:

ht ¼ �0 þ
Xq
i¼1

�iy
2
t�i þ

Xp
i¼1

�jht�i; ð2Þ

where �0 > 0; �i � 0ði ¼ 1; 2; 3; . . . ; qÞ and �j � 0ði ¼ 1; 2; 3; . . . ; pÞ. Now, in
Eq. (2), conditional variance depends upon its past values which make the

model more parsimonious. In most of the empirical applications, the simple

specification p ¼ q ¼ 1 has been found to work well. This specification led to

the GARCH (1, 1) model. Because it has become the most frequently used

default model of choice, it is often known as the workhorse model.

3.1.1. Estimation approach

Most of the available statistical software has a built-in package to estimate

the GARCH-type models. In these packages, the researcher specifies the

order of process, and the computation is performed. However, there is also

some software which requires writing a program for estimation. This section

explains the Maximum Likelihood method required to understand and write

a program for the GARCH-type models.5

The log-likelihood function for the GARCH (1, 1) model is as follows:

lnL ¼ � T � 1

2
lnð2�Þ � 0:5

XT
t¼2

lnð�0 þ �1y
2
t�1 þ �1ht�1Þ

� 0:5
XT
t¼2

y 2
t

�0 þ �1y
2
t�1 þ �1ht�1

� �
: ð3Þ

Maximizing the log-likelihood function, with respect to w ¼ ð�0; �1 and �1Þ
yields

@ lnL

@w
¼ � 0:5

XT
t¼2

1

ð�0 þ �1y
2
t�1 þ �1ht�1Þ

� @ð�0 þ �1y
2
t�1 þ �1ht�1Þ
@w

� 0:5
XT
t¼2

y 2
t

ð�0 þ �1y
2
t�1 þ �1ht�1Þ2

� �
� @ð�0 þ �1y

2
t�1 þ �1ht�1Þ
@w

5For details, see Enders (2015, pp. 152–154), and Tsay (2010, pp. 120–122).

Multi-modality in the Likelihood Function of GARCH Model

2050018-9



¼ � 0:5
XT
t¼2

1

ð�0 þ �1y
2
t�1 þ �1ht�1Þ

� @ð�0 þ �1y
2
t�1 þ �1ht�1Þ
@w

þ 0:5
XT
t¼2

y 2
t

ð�0 þ �1y
2
t�1 þ �1ht�1Þ2

� �
� @ð�0 þ �1y

2
t�1 þ �1ht�1Þ
@w

:

ð4Þ

It is possible to maximize the lnL with respect to �0; �1, and �1. However,

first-order conditions are nonlinear functions, as shown in Eq. (4), because ht
is a function of �1; therefore, the analytical solution is not possible. Instead,

the solution requires the search algorithm. Statistical software use these

algorithms and select the value of parameters at which log likelihood func-

tion is maximized. One such algorithm that is used to estimate the GARCH-

type model is BFGS.

BFGS is a numerical algorithm and is based on a \hill-climbing" strategy.

It starts from an initial value and then searches for the maxima in the

likelihood function, or chooses the value of the parameter at which the value

of likelihood function is maximized. This search for maxima is done in a

specific line (one-dimensional) that is why it is called a line search method.

Therefore, it is important to initialize the algorithm with a consistent

starting point. According to Fiorentini et al. (1996), the unconditional ex-

pectation can be employed as an estimate of the initial value. Mathemati-

cally, we have

ht ¼ y 2
t ¼ 1

T

XT
s¼1

y 2
s ;

where ys is the return series. ht is used in Eq. (4), and derivatives of log-

likelihood function are computed. These derivative values are used as initial

values of the algorithm. Equation (4) permits the recursive calculation for

the derivatives.

This procedure is valid only if the likelihood function of the GARCH

model is unimodal. However, empirically, it has been seen that the likelihood

function of the GARCH model is multi-modal (see Sec. 1 for visualization

and Sec. 3.2 for mathematical proof). When the likelihood function is multi-

modal, the sensitivity in the choice of starting value increases, i.e., the

choice of starting value, and the direction of the algorithm in which maxima

is searched. Therefore, BFGS might not converge to global maxima.

Opposing this, there is a strategy, i.e., DE, which uses multiple starting

values with parallel chains method. This procedure is based on four steps.
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First, different mods are identified in the likelihood function using the Ex-

pectation-Maximization algorithm. Second, treat each observation as a re-

gime of Markov chain using a Viterbi (1967) algorithm. Stack all these

Markov chains in K vectors, one for each regime. Third, estimate volatility

model via Quasi-Maximum Likelihood for each vector. Finally, estimate the

shape parameter of conditional distribution via the Maximum Likelihood

method. During these steps, positivity and covariance-stationarity con-

straints are guaranteed through specific parameter-mapping functions.

Empirically, this procedure of choosing starting value is available in the

MSGARCH package of R languages.

For comparison purposes, we used both/these algorithms, i.e., BFGS and

DE, to estimate the GARCH (1, 1) model. The performance of these algo-

rithms was evaluated by comparing the estimates and the true parameter

values in repeated simulations.

3.1.2. Mathematical proof of multi-modality

Consider the following likelihood function of the GARCH model:

lð�Þ ¼
XT
t¼1

ltð�Þ ¼ c � 1

2

XT
t¼1

logðhtÞ þ
"2t
ht

� �
: ð5Þ

Assuming that the start-up of the recursive process does not depend on the

parameters, the score is given by

@ltð�Þ
@�

¼ � "t
ht

@"t
@�

� 1

2

1

h 2
t

ðht � "2t Þ
@ht
@�

; ð6Þ

with "t ¼ yt, it is convenient to convert GARCH(1, 1) to ARCH(/Þ form.

We define the lag polynomials �ðLÞ ¼ 1�Pp
i�1 �iL

i, and �ðLÞ ¼P q
i�1 �iL

i, such that

ht ¼ �ðLÞ�1ð�0 þ �ðLÞ"2t Þ ¼ ��
0 þ

X/
j¼1

�i"
2
t�1: ð7Þ

This requires that the roots of �ðzÞ ¼ 0 lie outside the unit circle. Further-

more, �ðzÞ and �ðzÞ are assumed to have no common roots to ensure iden-

tification of the individual GARCH parameters. nonnegativity of the � 0is will
ensure that the ht is always positive when �0 > 0. The GARCH (1, 1) can be

written as follows:

ht ¼ ��
0 þ �1

Xt

j¼1

� j�1
1 "2t�1: ð8Þ

Multi-modality in the Likelihood Function of GARCH Model
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Given "0 and h0, where ��
0 ¼ �0ð1�� t

1Þ
1��1

þ � t
1h0. In the ARCH (/Þ representa-

tion Eq. (7) of the GARCH (1, 1) case, �1 ¼ �1, �2 ¼ �1�1, �1 ¼ �1�
2
1; . . ..

The first-order condition (6) for �1 and �1 is, respectively, as follows:

@ht
@�1

¼
Xt

j¼1

� j�1
1 "2t�1 and

@ht
@�1

¼
Xt

j¼1

�j"
2
t�1�j : ð9Þ

Putting Eq. (9) into Eq. (6), we have

@ltð�Þ
@�1

¼ � 1

2

1

h 2
t

ðht � "2t Þ
Xt

j¼1

� j�1
1 "2t�1

and

@ltð�Þ
@�1

¼ � 1

2

1

h 2
t

ðht � "2t Þ
Xt

j¼1

�j"
2
t�1�j ; ð10Þ

where �1 ¼ �1, �2 ¼ 2�1�1, �1 ¼ 3�1�
2
1; . . ..

@ltð�Þ
@�1

¼ � 1

2

Xt

i¼1

�i"
2
t�i

1

h 2
t

ðht � "2t Þ: ð11Þ

By updating one time period and extending it, (11) becomes

@ltð�Þ
@�1

¼ � 1

2
�1"

2
t

1

h 2
tþ1

ðhtþ1 � "2tþ1Þ þ �2"
2
t�2

1

h 2
tþ1

ðhtþ1 � "2tþ1Þ þ � � �
� �

¼ � 1

2
�1"

2
t

1

h 2
tþ1

ðhtþ1 � "2tþ1Þ þ k

� �
; ð12Þ

where ¼ ht½�2"2t�2
1

h 2
tþ1

ðhtþ1 � "2tþ1Þ� þ . . ., and simplifying, we have

¼ � 1

2

kh 2
tþ1 þ �1ht"

2
t htþ1 � �1ht"

2
t "

2
tþ1

h 2
tþ1

� �
: ð13Þ

We define

Q1ðhtþ1Þ � kh 2
tþ1 þ �1ht"

2
t htþ1 � �1ht"

2
t "

2
tþ1: ð14Þ

A necessary condition for bimodality is the solution of Q1ðhtþ1Þ ¼ 0, by

applying the quadratic formula, we can get

h �
tþ1 ¼

�1ht"
2
t

2k
�1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4k"2tþ1

�1ht"
2
t

s" #
; ð15Þ
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as positive, in addition, it implied that "�t2 (where "�t2 ¼ 1
�1
½~ht¼1 � �0�P q

1 �i"
2
t�iþ1 þ

Pp
1 �jht�iþ1� � Gsð~htþ1Þ � ~GsÞ must be nonnegative, there-

fore, when k > 0, the negative solution can be ignored, but when k < 0,

there are two solutions for h �
tþ1. However, only one of these corresponds

to ~htþ1.

The expression for Gs merits further discussion. In the ARCH (1) model,

we have �1 ¼ �1, and ignoring k (14) becomes

h �
tþ1 ¼

�1ht"
2
t

2
�1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4"2tþ1

�1ht"
2
t

s" #
; ð16Þ

where the above is positive (the negative solution can be discarded), then

G �
s ¼ ht"

2
t

2
�1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4"2tþ1

�1ht"
2
t

s" #
� �1

�0

: ð17Þ

And it is easy to see that G �
s depends positively on both "2tþ1 and "2t�1. In the

case of the GARCH (1,1) model, (13) cannot be solved analytically. It is only

possible that some properties can be derived, in particular, knowing k̂, there

will be two modes if (17) has a positive solution, which cannot be ruled out,

in particular, when "tþ1 is (also) large. It is also illustrated in our empirical

application section. In practice, if

Ĝs ¼
1

�1

½ĥt�1 � �0 � �1ht�

is positive, there are two global maxima.6

3.1.3. Evaluation of algorithm: Monte Carlo simulation

For the comparison purpose, we have selected two algorithms for the esti-

mation of the GARCH-type models. The assessment is a comparison of the

response surface methodology. This comparison will help us to generalize

either of these algorithms for estimation of the GARCH-type models.

Furthermore, for generalization, two things are imperative. First, which

algorithm is best suited for the estimation of the GARCH-type models.

Monte Carlo simulation is a technique through which we can generate many

series with known parameters. It is assumed that the data generating process

6This mathematical proof of bimodality is discussed in two-dimensional plane. If this dis-
cussion is molded to three-dimensional plane, then we can easily observe multi-modality in
the likelihood function.
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is unknown and then estimation is conducted with selected algorithms. The

algorithm that closely estimates the true data generating process is selected

as the best algorithm. Second, in the real world, the data generating process

is unknown. In the real world, we are not interested in the mechanism

through which the series is generated; rather, we are interested in appro-

priate approximation. It is, therefore, we will generate data with different

distributions, and then estimate through selected algorithms. The algorithm

that remains consistent across different data generating process is selected as

preferable for the estimation of the GARCH-type models (James et al.,

2013).

The Monte Carlo Simulation technique has been used for the selection of a

robust algorithm for the estimation of the GARCH-type models. In addition,

we have analyzed the robustness of this algorithm along the whole surface.

We followed the following set of steps to compare the surface of different

algorithms:

(1) In the first step, we generated GARCH (1, 1) by setting

�0 ¼ 0:01; �1 ¼ 0:1; �1 ¼ 0:1. with the normal distribution

yt ¼ "th
1=2
t ;

"t 	 i:i:d Nð0; 1Þ;
ht ¼ �0 þ �1y

2
t�1 þ �1ht�1:

A total of 1500 observations were generated, out of which initial 500

were discarded to control the initial value effect. \Rugarch" package is

used to generate the simulated sample.

(2) We estimate the volatility of simulated samples obtained in step 1 with

the GARCH (1, 1) model. For the estimation of this GARCH model,

we used the Maximum Likelihood method. To search for the maximum

point in the likelihood function, we used the following four different

algorithms separately:

– First, the BFGS algorithm was used to search for the parameters at

which the value of the likelihood function is maximized. BFGS al-

gorithm is built-in and available in Ox-Metrix package for the esti-

mation of the GARCH-type models. We used the same package for

the estimation, and then noted the value of the estimated para-

meters.

– Similarly, Differential Evolution and Robust Adaptive Metropolis

algorithms were used to search for the parameters at which the
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value of likelihood function is maximized for the GARCH (1, 1)

model. The estimated parameters were then noted, respectively.

Both of these algorithms are available in \MSGARCH" package of

R-Language.

(3) We calculate the bias, i.e., calculate the absolute difference between

the estimated parameters in step 2 and the true parameters in step 1,

respectively. Note this bias for each algorithm, separately.

(4) One time estimation of the true data generating process could be

misleading. To overcome this bias, we repeated the process from step 1

to step 3, 100 times.

(5) We calculate the variance of these 100 points obtained in step 4 for each

parameter separately. In addition, note this variance separately

according to each algorithm.

(6) From step 1 to step 5, the value of the true parameter was the same.

Next, we executed our analysis to the whole surface and the values are

presented in Table 1. This table gives information about the whole

surface of each algorithm separately. The values assume the shape of a

triangle because for all other values of the table, the assumption of

covariance stationery does not hold.7

(7) Table 1 represents the table of values for which Alpha 1 and Beta 1

changes.

(8) For 36 combinations, the estimation will be valid. The table seems

triangle because if we increase value in either direction, it violates the

assumption of covariance stationary condition. This is why other

values are not included in the analysis. To analyze the bias and vari-

ance along the whole surface, we used the contour plots. These contour

plots are constructed after completing the table of values. These con-

tour plots show abrupt changes along the surface. This is because the

small sample size of the simulation leads to high random errors of

estimation in the bias and variance. Smoothing to create a response

surface is an important way to avoid this problem and get a better

global picture of results from simulations carried out at a small number

of points. To analyze the smooth surface of the contour plots, we used

\Akima’s Polynomial Method" (for details, see Akima, 1969) and made

7Intercept is fixed throughout the experiment, because in real-world problem, it is possible
that relevant variable is omitted from the econometric model, creating bias. This bias can be
lessened (but not eliminated) by including an intercept term. On the other hand, no bias is
created by including an unnecessary intercept (for details, see, Kennedy, 2008, pp. 109–110).
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the surface smooth. This procedure of smoothing the surface is done in

R-Language. Afterward, for these smooth surface, we constructed

contour plots in Minitab software.

(9) The main objective of the study is to compare the different algorithms

within the Frequentist. To keep the analysis simple, we subtracted the

surface of bias of DE from BFGS, from step 6. Then for this difference

surface, we constructed the contour plot. This contour plot has a direct

and simple interpretation, i.e., if the surface is positive then it implies

that the bias of BFGS is higher than DE and vice versa.

(10) Repeat step 8 for the variance.

(11) A normal distribution of the true data generating process was assumed.

The analysis based on the normal distribution gives a clue about the first

step of generalization, i.e., which algorithm accurately estimates the

true data generating process. Now, we are repeating the same procedure

from steps 1 to 10 by assuming student t-distribution for the error term.

Again, it will give us a clue about the performance of the different

algorithm with different distributions. By combining the results of both

the steps based on the normal and student t-distribution, will give a

broader picture of the performance of different algorithms. Further-

more, as it is already explained that for the generalization of the algo-

rithm, it is important to test performance against different data

generating processes. Hence, it will give us a clue that either any one of

them is consistent across different data generating processes or not.

4. Application with Monte Carlo Simulation, for GARCH (1, 1)

Any visualization is a model (Cairo, 2016) and is a powerful technique to

summarize a large amount of data. Visualization not only minimizes the

time to understand information but a good way to memorize. The same

technique is used to summarize the empirical results of Monte Carlo Simu-

lation technique. This is not only an effective way of communication but also

minimizes the time to understand the huge difference between the estimation

power of different algorithms.

Figure 3 represents a contour plot for bias and variance around the true

parameter of BFGS. The layers in each plot represent the variation along the

surface. Each layer is represented by a specific value. The higher the value,

the higher the level of bias, as compared to another region of the plot. It

helps us to identify, where the estimation power of the BFGS is weaker as

compared to DE, and vice versa. The left plot shows that the maximum

Multi-modality in the Likelihood Function of GARCH Model
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value of the layer is 0.04, near the origin. As moving away from the origin,

the value of bias is decreasing. It implies that, near the origin, the estimation

power of the BFGS is weak, i.e., a higher level of bias. Financial economic

divides this region into low (near origin), moderate and high (far from the

origin) persistence. This implies that, for the low persistence area, the level

of bias for BFGS is higher, as compared to high persistence.

Similarly, the right plot of Fig. 3 represents the variance of BFGS around

the parameter. Such as bias, the value of variance for BFGS is higher near

the low persistence region, and decreasing as the level of persistence is in-

creasing. If the discussion of bias and variance is combined, it then becomes

Mean Square Error (MSE). Summing up, the estimating power of BFGS is

weaker than DE in the region of low persistence, and vice versa.

The main objective of the study is to compare the BFGS with DE in a

frequentist approach. For the comparison, the difference of BFGS and DE is

calculated (based on step 7), which is then used to constructed contour plot

for these difference value, after smoothing the surface, presented in left plot

of 3.2. If the value of the layer is positive, it implies that BFGS has a high

level of bias than DE at that particular region of the contour plot, and vice

versa. In this case, the true data generating process is a normal distribution.

Layers of the plot are positive, which implies that for the whole surface,

there is a higher level of bias in the estimation of BFGS, as compared to DE.

However, the level of bias is higher near the low persistence area, and con-

sistently decreasing towards the higher persistence area. Similarly, the left

plot of Fig. 4 shows the difference in variance around the true parameter.

Layers for this contour plot are also positive, and the value of layer decreases

towards the high persistence. Combining both bias and variance around the

Fig. 3. Contour plots represent the level of biases for the parameters of GARCH (1, 1) model
(Normal Distribution). The x-axis represents the change in the value of the Beta 1 parameter,
from 0.1 to 0.9, while y-axis represents the change in the value of Alpha 1. Right plot
represents the level of bias for BFGS and left plot represents the variance of the BFGS.

Farrukh Mahmood & Saud Ahmed Khan

2050018-18



true parameter implies that the estimation power of BFGS is weaker than

DE to estimate the true parameter.

What happens if true data generating process changes from a normal

distribution? To answer this question, the normal distribution of the true

data generating process is replaced by student-t distribution. Figure 5 shows

the difference in bias and variance, of BFGS and DE. Similar to the normal

distribution, the result is consistent, i.e., in case of low persistence, the level

of bias and variance is higher, respectively. In addition, due to the change in

the data generating process, the amplitude of difference increases up to two

times. This implicitly implies that the estimation power of BFGS varies

across data generating process. Moreover, the estimation power of BFGS is

weaker than DE throughout the region.

Initial values and multi-modality of GARCH-type models:

Starting values of the algorithm do not matter if the ML function is uni-

modality. However, the likelihood function of the GARCH is not uni-modal,

Fig. 5. Difference in bias (left graph) and variance (right graph), for BFGS and DE, along
with the surface. In this case, the data generating process in student-t distribution.

Fig. 4. Difference in bias (upper graph) and variance (lower graph), for BFGS and DE,
along with the surface. In this case, the data generating process in a normal distribution.
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where the choice of the starting value matters a lot. For this reason, the

starting value should be developed through proper mechanism. Selected

algorithm and samplers have the following starting value:

(i) BFGS: initial value has employed an estimate of unconditional expec-

tation (for details, see Fiorentini et al., 1996)

(ii) DE: \Starting values are chosen in the following way: (1) estimation

using an Expectation-Maximization algorithm, the static version of the

model. (2) Assigning each observation to a regime of the Markov chain

using the Viterbi (1967) algorithm and stack all the series in K vectors,

one for each regime. (3) Estimation via Quasi-ML a volatility model for

each vector of decoded observations. (4) Estimation via ML, the shape

parameters of the conditional distribution of the standardized decoded

observations. Positivity and covariance-stationarity constraints are

guaranteed through specific parameter-mapping functions."8

Furthermore, the direct search method uses greedy criterion to make the

decision about the parameter. This greedy criterion converges fast, but it

runs the risk of becoming trapped in local maximum (for details, see Storn

and Price, 1997). On the other hand, there are parallel search techniques like

evaluation strategies, having some built-in safeguards to forestall mis-

convergence. In addition, to these parallel search techniques, starting value

strategy makes DE preferable choice of estimation of GARCH-type models,

in the frequentist framework.

8For details, see Ardia et al. (2017).

Table 2. Estimation results of PSX with the GARCH (1, 1)
model by assuming normal innovation. In parenthesis, 95% con-
fidence interval is calculated.a

Estimates Std. Error t-Value

BFGS
alpha 0 0.0001 0.0001 8.5735

alpha 1 0.1729 [0.0942, 0.2515] 0.0401 4.3075

beta 1 0.7697 [0.6877, 0.8516] 0.0418 18.4081

DE
alpha 0 0.0000 0.0000 75.522

alpha 1 0.1723 [0.1660, 0.1786] 0.0032 53.1022

beta 1 0.7681 [0.7661, 0.7701] 0.0010 752.6992

Notes: aConfidence intervals for alpha 0 are not present because
this parameter is not the interest of this study. Furthermore, they
are also quite precise in case of DE as compared to BFGS.
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5. Real-World Application from PSX

For the real-world application, this study uses the same window of PSX

present in Sec. 2.3. The empirical point estimates of DE are quite different

from BFGS, more specifically, on the bases of standard errors. These stan-

dard errors not only increase the value of t-statistics more but also have to

precise confidence intervals for DE point estimates. For example, in the case

of BFGS, the mean value of alpha 1 is 0.17 but could vary from 0.09 to 0.25.

Contrary to this, in the case of DE, the mean value of the alpha 1 is 0.17 but

could vary from 0.166 to 0.178, which is more precise as compared to BFGS.

These results are consistent with Fig. 2. Moreover, there is low bias and low

variance in the case of DE as compared to BFGS. In addition, there will be

more accuracy if the researchers chose a random from the distribution of

parameters which are obtained from DE. Last, these empirical results are

consistent across normal and student t-distribution. Hence, in terms of the

best linear unbiased estimator (BLUE), the estimated parameters from DE

are significant and reliable as compared to the BFGS.

6. Conclusion

The basic objective of this study is to compare the estimation power of

BFGS and DE. Simulation is used to make a standard comparison, and the

results are summarized as follows:

Table 3. Estimation results of PSX with the GARCH (1, 1)
model by assuming student t-innovation. In parenthesis, 95%
confidence interval is calculated.a

Estimates Std. Error t-Value

BFGS
alpha 0 0.0001 0.0001 3.6517

alpha 1 0.2029 [0.1237, 0.2821] 0.0404 5.0214

beta 1 0.7522 [0.6796, 0.8247] 0.0370 20.3214

Std 4.9522 0.8837 5.6038

DE
alpha0 1 0.0000 0.0000 69.6436

alpha1 1 0.2070 [0.1980, 0.2160] 0.0046 45.1953

beta 1 0.7497 [0.7474, 0.7521] 0.0012 633.6025

Std 4.8886 0.0333 146.7088

Notes: aConfidence intervals for alpha 0 and student t-dis-
tribution are not present because this parameter is not the
interest of this study. Furthermore, they are also quite precise
in case of DE as compared to BFGS.
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First, the DE estimation method is preferable for GARCH-type models.

This generalization is consistent across the whole surface of contour plots.

Second, this difference is also consistent across different distributions, i.e.,

normal and student t-distribution.

As the likelihood function of the GARCH model shows multi-modality,

and BFGS uses single initial value along with line search method, which

often traps into local maxima. Therefore, it has more bias and variance

around the true parameter, and it is also valid along the whole surface. On

the other hand, DE uses multiple starting values along with a parallel search

method, which not only avoids local maxima but also converges to global

maxima. Hence, it is concluded that DE has lower bias and variance around

the true parameter than BFGS. This difference is consistent along the whole

surface of the contour plot.

Last, the series of PSX is used to examine the real-world application. The

empirical results remain consistent for the window PSX, i.e., the estimates

obtained from the estimation method of DE are best and unbiased as com-

pared to the BFGS.
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