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 Comment
 The Impossibility of Inductive Inference

 A. P. DAWID*

 Oakes's argument shows that no statistical analysis, however

 complex, of sequential data can be guaranteed to provide

 asymptotically valid forecasts for every possible set of out-

 comes.

 KEY WORDS: Calibration; Induction; Probability forecasting;

 Universal algorithm.

 Oakes's short article demonstrates the impossibility of con-

 structing a joint distribution for an infinite sequence of events

 that could be guaranteed to have the calibration property for

 any possible sequence of outcomes. A still simpler construction

 is the following (compare Putnam 1963; Gaifman and Snir

 1982, theorem 3.8). Given II, construct, sequentially, a data

 sequence (yi) such that yi = 0 if Y, [= JI(SsIYI = Yl,
 Yi- I = yi- 1)] > 2, yi = 1 if Vi 1 2. Then, for this empirical
 data sequence, the actual relative frequency of rainy days among
 days with forecast probability a will be 0 for a > 2 and 1 for

 2 SO H cannot be calibrated.
 Such arguments have serious implications, I believe, for the

 whole field of statistical endeavor. Imagine a statistician at-

 tempting to model the sequence (SI, S2, . . .) of events, which
 she observes sequentially. She might start off with a simple
 Bernoulli model. After collecting enough data, she might dis-
 card this in favor of, say, a two-stage Markov chain, and so

 on, bringing in ever more complicated models as the accu-

 mulated data seem to require. For any currently adopted model,

 she could form estimates of its parameters based on current

 data and use these to provide a forecast probability for the next

 event. But this is only an example-my point is that any sta-

 tistical analysis (classical, Bayesian, or ad hoc), of any degree
 of complexity, formal or informal, can ultimately be turned

 into a statistical forecasting system (Dawid 1984), yielding a

 sequence of numerical probability forecasts. It can thus be sub-

 sumed into a single joint distribution II over Bo. (although the

 epithet "prior," with its Bayesian connotations, may no longer
 be appropriate). I would now argue that any such statistical

 analysis must be regarded as empirically invalidated unless its
 infinite sequence of forecasts is calibrated. Consequently, Oakes's
 result shows that, no matter how cleverly we try to tune our

 model-building, testing, estimation procedures, and so on, we

 cannot guarantee success: There will always be data sequences

 that we are simply unable to track. Thus successful induction,
 even probabilistic induction, may in fact be impossible. This
 essential limitation, similar to Godel's incompleteness results

 for axiomatic systems, should, perhaps, teach us humility in
 any claims we may make for the power of the statistical wares

 we peddle. Of course, the same holds for philosophers peddling

 * A. P. Dawid is Professor of Probability and Statistics, Department of
 Statistical Science, University College, London WC1E 6BT, England. The
 author is grateful to Haim Gaifman for valuable comments and clarification.

 any kind of "method of science," be they inductivists such as

 Jeffreys or anti-inductivists such as Popper (whose philosophy,
 indeed, puts great emphasis on just this point).

 Now we may well regard it as too ambitious to aim for

 successful calibration against any possible sequence of data. If

 we are willing to suppose that the data arise from some joint

 distribution PO in a family C, then we might well only require

 II to be calibratedfor WP, that is, with probability one under
 any PO E WP. This can usually be achieved, for instance, by

 taking II to be a mixture of the (PO) with respect to some
 "prior" distribution for 0 (Dawid 1982a, sectioni 4.3), as well

 as in many other ways. For example, if, under PO, the (Si)
 form Bernoulli trials with PO(Si) = 0, a suitable II might have
 II(Si+I I Bi) = i- I> Yj. The point, however, is that such
 a forecasting system is necessarily more complicated than any
 forecasting system generated from a distribution in W, the model

 that it is trying to track, and this is true in great generality
 (compare Gaifman and Snir 1982, theorems 3.12 and 3.14,
 where this question is treated from the viewpoint of formal
 logic).

 Thus consider a general family @P with the property that if PI

 E @P and P2 is defined by P2(Si | Bi-1) = f{PI(Si I Bi- )},
 then P2 E W also. [Here f: [0, 1] -> [0, 1] might be, but need

 not be, as defined by Oakes, the important feature being that
 f(x) # x, all x.] The Bernoulli model has this property, as does
 that of a general k-stage Markov chain with stationary transition
 probabilities (k known or unknown). Another important appli-

 cation arises when WP comprises all computable forecasting sys-

 tems (Dawid, in press). These are defined by the property that,

 for all i, the forecast Yi for Yi could be essentially produced as
 the output of an unlimited-storage computer with a fixed finite

 program, when given the relevant string of outcomes in Bi -I
 as its input data. It is reasonable to claim that any possible
 statistical analysis, formal or informal, must be computable.

 Oakes's argument now shows that any forecasting system II
 that is calibrated for such a WP cannot belong to WP. This may be

 unsurprising for simple parametric models, but it is particularly
 significant for the computable case. It shows, in effect, that if

 we believe only that some computable distribution has given
 rise to the data, we cannot guarantee to obtain valid probability
 forecasts from any computable analysis. [Since there is only a
 countable number of computable distributions, we could guar-
 antee validity with the forecasting system based on the distri-

 bution II = EJ' I 2 -Pj, where (PI, P2,. . .) is a listing of the
 computable distributions. This is not computable, however,
 since there is no effective such listing. This was shown in Dawid

 1982b using an argument closely related to that of Oakes, al-
 though the full force of that argument was not realized.]
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 In Dawid (1982b, in press) it is further shown that, for any

 data sequence, any two computable distributions that are both
 suitably calibrated must give forecasts whose differences tend

 to zero, so that calibrated forecasts are "asymptotically
 unique" and so, in a sense, objectively valid. It would essen-
 tially solve the problem of (probabilistic) induction if we could

 construct a computable "universal algorithm" that, operating
 sequentially on any sequence of data for which such objective

 forecasts exist, would always output, asymptotically, these ob-
 jectively valid forecasts. Unfortunately, the preceding argu-
 ments demonstrate that this ideal is unattainable: There exists
 no universal algorithm.

 ADDITIONAL REFERENCES

 Dawid, A. P. (1982b), "Objective Probability Forecasts," Research Report 14,
 University College London, Dept. of Statistical Science.

 -- (1984), "Statistical Theory: The Prequential Approach" (with discus-
 sion), Journal of the Royal Statistical Society, Ser. A, 147, 278-292.

 -~ (in press), "Calibration-based Empirical Probability," Annals of Sta-
 tistics.

 Gaifman, H., and Snir, M. (1982), "Probabilities Over Rich Languages, Test-
 ing and Randomness," Journal of Symbolic Logic, 47, 495-548.

 Putnam, H. (1963), "'Degree of Confirmation' and Inductive Logic," in The
 Philosophy of Rudolf Carnap, ed. P. A. Schilpp (The Library of Living
 Philosophers, Vol. XI), La Salle, IL: Open Court, chapter 24, pp. 761-
 783.

 Comment
 MARK J. SCHERVISH*

 Oakes has shown that for each forecasting system, there

 exists a sequence of outcomes for which the system will not

 be calibrated. This implies that no forecasting system can be

 self-calibrating in the sense of Dawid (1982a). Perhaps in an-

 ticipation of this possibility, Dawid (1982b, p. 12) defined a
 sequence of outcomes to be calibrable if there exists at least

 one computable forecasting system that is calibrated when that

 sequence occurs. He then claimed that this is "the normal state

 of affairs."

 The first point of this comment is that the situation with

 regard to the existence of calibrated forecasters is much more

 serious than either Dawid or Oakes makes it out to be. There

 are enough noncalibrable sequences so that noncalibrability is

 as much the normal state of affairs as calibrability. That is,

 nature has an uncountable number of ways to make everybody's
 forecasts simultaneously uncalibrated.

 Theorem 1. The cardinality of the set of noncalibrable se-
 quences is that of the continuum.

 Proof. I use Oakes's and Dawid's notation. Allow nature

 to order the computable forecasters. This is possible, since there

 are only countably many of them. This ordering, of course, is
 not computable, but that will prove to be irrelevant. Nature
 will "visit" one forecaster in each trial in the following order:

 1,2, 1,3,2, 1,4,3,2, 1,5,4,3,

 2, 1, 6, 5, 4, 3, 2, 1, 7, 6 .

 Notice that nature visits each forecaster infinitely often in this
 way. The first, third, fifth, seventh, and so on, times that nature
 visits each forecaster, she can choose arbitrarily whether to

 * Mark J. Schervish is Associate Professor, Department of Statistics, Car-
 negie-Mellon University, Pittsburgh, PA 15213. The ideas expressed here were
 originally presented as part of a comment on Dawid (1982b) at the Eastem
 Regional Meeting of the Institute of Mathematical Statistics in Nashville, Ten-
 nessee, in March 1983. The author thanks Teddy Seidenfeld, Morris DeGroot,
 Phil Dawid, and Rob Kass for fruitful discussions while preparing that com-
 ment.

 make the event S, occur or not. The second, fourth, sixth,
 eighth, and so on, times that nature visits each forecaster, she

 looks at the forecast given by the visited forecaster and proceeds

 as follows: If the forecast Y. is at most .5, then Y, = 1; if the
 forecast is greater than .5, then Y, = 0. This method can
 produce as many sequences {Y1, . . .} as the cardinality of the
 continuum because nature has two choices on each of the count-

 ably many odd-numbered visits.

 To see that no forecaster is well calibrated for such a sequence

 {Y1, . . .}, we need only show that for each forecaster there is
 an admissible (computable) selection rule (compare Dawid 1982a)

 {4,} such that
 n /n

 lim E j( AY, Yj 0 Eje0.(I
 n---co jc =Ij I

 Each forecaster can find such a selection rule as follows. First

 he pretends to be the forecaster numbered 1 by nature, and he
 uses the two admissible selection rules that single out the even-

 numbered visits to the first forecaster for which the forecast
 was at most .5 and those even-numbered visits for which the

 forecast was greater than .5. If (1) fails for each of these se-

 lection rules, the forecaster pretends he was numbered 2 by

 nature, and so on. Each forecaster performs the same steps
 (using his own forecasts, of course) until discovering that he

 is not calibrated.

 There are at least two ways to interpret the preceding theorem
 and Oakes's result. The first is to claim that it is impossible to

 guarantee the existence of "empirically valid" (i.e., calibrated)
 sequential forecasts. This might suggest that probabilistic in-
 duction could never achieve its goal. A more reasonable inter-

 pretation is simply that these results are more evidence that
 (long run) calibration is not a useful measure of the goodness

 of forecasts. The purpose of probabilistic induction is not to be
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