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Abstract

Using Bayesian techniques, such as the Hamiltonian Monte Carlo algo-

rithms used in Stan1, to estimate the parameters of Multivariate normal

distributions can be slow, particularly as the dimension of the distribution

increases. Reparameterizing the multivariate normal distribution as a se-

ries of regressions can help speed up estimation by removing constraints

in either covariance or Cholesky matrices.

1 Introduction

Sophisticated computational techniques that usually help speed up Bayesian
estimation, such as Hamiltonian Monte Carlo (HMC), can struggle with certain
types of problems.

Stan, whose No-U-Turn sampler is an extension of HMC, tends to be slow
in estimating the parameters of a multivariate normal distribution, particularly
as the dimension of the distribution increases. These problems tend to persist
regardless of using Stan's alternate parameterizations for the multivariate nor-
mal distribution2 or even if using a multivariate standard normal distribution
(assuming each variable has a mean of zero and standard deviation of one). By
contrast, a model estimating just the means and standard deviations of an equiv-
alent number of univariate normal distributions does not experience the same
slowdowns. Together, this suggests that the problem is isolated in estimating
the parameters of the correlation matrix.

To ensure that a matrix is a valid correlation matrix requires constraints on
relationships between the variables. A correlation matrix must be symmetric
and positive semi-de�nite. While it is straightforward to impose the symmetry
requirement, positive semi-de�niteness requires that eigenvalues are all non-
negative, which requires imposing additional restrictions. Similarly, a Cholesky
factor matrix must have constraints imposed to ensure it is valid.

1Stan Development Team (2022)
2As of Stan 2.30, these are multi_normal (standard), multi_normal_prec (using a pre-

cision parameterization of the covariance matrix), and multi_normal_cholesky (using a
Cholesky factor parameterization of the covariance matrix).

1



The LKJ correlation distribution commonly used for priors of correlation ma-
trices in Stan is built from partial correlations. The formula that relates partial
correlation to (non-partial) correlations is non-linear, resulting in complex rela-
tionships between parameters of the correlation matrix that Stan's algorithms
tend to not handle well as the dimension increases.

Instead, the multivariate normal distribution can be reparameterized as a se-
ries of regressions. This parameterization does not require the same constraints
that are imposed by the correlation matrix, which can help speed up estimation.

Section 2 introduces the reparametization. Section 3 provides a simple ex-
ample. Section 4 concludes.

2 Reparameterization

Consider a multivariate normal distribution X ∼ N (µ, Σ). Letting L and D
represent the LDL decomposition of the covariance matrix Σ3, the distribution
can be represented by the multivariate time series

Xt = µ+ LD1/2εt (1)

where εt represents univariate standard normal errors.
Similar to a structural vector autoregression, Equation 1 can be transformed

by multiplying both sides by L−1 and re-arranging to

L−1Xt = L−1µ+D1/2εt (2)(
I − L−1

)
Xt + L−1Xt = L−1µ+

(
I − L−1

)
Xt +D1/2εt (3)

Xt = L−1µ+
(
I − L−1

)
Xt +D1/2εt (4)

Since L is lower unit triangular4 (meaning it has 1s on the diagonal and zeros
above it), L−1 is also unit triangular matrix. As a result, the matrix I − L−1

is a strictly lower triangular matrix, meaning it has 0s both on the diagonal
and above the diagonal. This ensures that an individual Xi,t on the left side of
Equation 4 does not appear on the right side.

To see a concrete example, letting A ≡ L−1µ and B ≡ I − L−1 then

 X1,t

X2,t

X3,t

 =

 A1

A2

A3

+

 0 0 0
B21 0 0
B31 B32 0

 X1,t

X2,t

X3,t

+

 D1 0 0
0 D2 0
0 0 D3

0.5  ε1,t
ε2,t
ε3,t

 (5)

3I.e., with the property that LDL′ = Σ where L is a lower unit triangular matrix and D
is a diagonal matrix

4As mentioned in footnote 3.
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for a three-dimensionalXt. Equation 5 makes more clear thatXt can alternately
be modelled as a series of regressions where X1,t is regressed on a constant,X2,t

is regressed on a constant and X1,t and X3,t is regressed on a constant, X1,t, and
X2,t. After estimating the parameters in Equation 5, the original parameters of

Equations 1-4 can be recovered from L = (I +B)
−1

and µ = LA.
Moreover, if the variables in Xt are signi�cantly correlated, estimating Equa-

tion 5 can be sped up further by using a QR decomposition5.
Representing the multivariate normal distribution as a series of regressions

can result in speed-ups in estimating parameters in a Bayesian framework com-
pared to more traditional methods. Estimating the parameters of a covariance
matrix or a Cholesky decomposition of the covariance matrix can require a num-
ber of restrictions to be placed on the parameters that results in unnecessary
correlations between each other that become particularly evident as the dimen-
sional of the distribution increases. By contrast, the entries of the matrix B
below the diagonal are unrestricted. While the parameters may be correlated
to each other, the correlations are not due to any additional constraints imposed
upon it.

3 Example

TODO
Need stan code for multivariate normal, This version, and the QR decompo-

sition version. Do two versions, 1: correlations close to 0, 2: correlations close
to some non-zero value. Show e�ect of increasing dimensions, show e�ect of
increasing observations

4 Conclusion

Using Stan or other similar Bayesian MCMC techniques to estimate the param-
eters of a multivariate normal distribution can be sped up by reparameterizing
it as a series of regressions.

5As described in Betancourt (2017).
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A Appendix

TODO: Add Stan Code
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